We show that the Hilbert space of the standard linear harmonic oscillator is a complete orbit of the osp(2,1; 2) spectrum-generating superalgebra, and that this is the smallest such algebraic structure. The ubiquitous appearance of the linear harmonic oscillator in virtually all domains of theoretical physics guarantees a corresponding ubiquity of appropriate generalizations of this spectrum-generating superalgebra.
Introduction and Main Result
The linear harmonic oscillator (LHO) is possibly the best known and most thoroughly described quantum-mechanical system; see any text such as Ref. [1] , to name a recent one. It is also well embedded in the standard framework of all branches of theoretical physics, and in particular field theory [2] and string theory [3] , to name but a few. Harmonic oscillators are even used as a case study in mathematical literature [4, 5] . Spectrum-generating transformations relate states of different energies, but still generate algebraic structures (algebras and groups) very much akin to symmetries. The spectrum-generating algebra for the LHO and even its n-dimensional generalizations has been known for almost four decades [6] ; see also Case Study I in Ref. [4] .
It will be shown herein, however, that this standard LHO-without any fermionic or matrix extension-actually admits a spectrum-generating superalgebra, which has the distinguished capability of re-generating the whole Hilbert space from any one particular state. On this point, the present analysis differs from the approach and results found elsewhere in the literature; see e.g. Ref. [7] , or Ref. [8] for a more recent account and further references. The spectrum-generating superalgebra of the standard, bosonic LHO presented herein does not include supersymmetries, i.e., fermion-boson exchanging transformations that commute with the Hamiltonian and the anticommutator of which contains the Hamiltonian. Consequently, the spectrum-generating superalgebra is manifestly compatible with the algebraic structures found in higher-dimensional spacetimes and corresponding results such as the spin-statistics theorem.
The Spectrum-Generating Algebra
The Hamiltonian H for a linear harmonic oscillator is given in the well-known form 1 :
where a and a † are the annihilation and creation operators, that satisfy:
Thus, the LHO Hilbert space
is non-degenerate, and every LHO stationary state is unambiguously determined by the energy.
It is less well known [6, 4] that the triple of operators
satisfy the relations:
of the so(2,1) algebra. These relations are very similar to the familiar angular momentum algebra except that K 3 (the rescaled Hamiltonian H) occurs with a negative sign in the right-hand side of the last equation (5).
It is well known that in all quantum systems that admit a well-defined action of the angular momentum operators, the individual states (denoted |j, m ) are uniquely specified only by providing both m and j, where m is the eigenvalue of J 3 , and j determines the eigenvalues of J 2 to be j(j+1). These two quantifiers are related by the condition |m| ≤ j and △m ∈ Z, which jointly restrict m and j to both be either integral or half-integral.
The 1-dimensional system (1)-(3) then admits the operator
which commutes with K ± and K 3 and also with H, so that the well-known LHO eigenstates, |n , must also be eigenstates of this K 2 . Yet, for each n and E n , there is only one state, |n and the single quantum number, n, suffices to uniquely identify each state of the LHO. How come no additional quantum number (κ, the eigenvalue of K 2 ) is needed to uniquely specify the LHO states?
The answer emerges from the direct computation:
proving that K 2 |n = 
is straightforwardly satisfied for all n ∈ Z; note that n = ± 1 2 are excluded by this inequality. Furthermore, states with n < 0 turn out to have a negative norm (see, e.g., [1] ), and the entire LHO Hilbert space forms a single, infinite-dimensional, representation of so(2,1), each element of which (state in the LHO Hilbert space) has the same eigenvalue of K 2 , κ = 3 16 , and differs only by the eigenvalue of K 3 , n = 0, 1, 2, 3, . . . Notice furthermore that K + , K − and K 3 commute with the reflection P : (a, a † ) → (−a, −a † ), and that P |n = (−1) n |n . Thus, the LHO Hilbert space, as a representation of so(2,1), naturally decomposes into the P-even and P-odd states
having symmetric and antisymmetric wave-functions in the, say, coordinate representation. Furthermore, direct iteration of (2) produces
It is now clear that the ladder operators K ± can re-create:
• all even states and so all of H + from any one even state |2k , • all odd states and so all of H − from any one odd state |2k+1 .
Thus, given a pair of states, |2k , |2k ′ +1 , for any k, k ′ = 0, 1, 2, . . . , the so(2,1) algebra {K ± , K 3 } can generate the whole spectrum of states of the linear harmonic oscillator and is called the spectrum-generating algebra of the LHO system [4] . In general, the utility of spectrum-generating algebras stems from their ability to provide considerable information about the Hilbert space-and even matrix elements by way of the Wigner-Eckardt theorem-without ever explicitly solving differential equations, computing integrals or even determining the complete energy spectrum. Note, however, that the LHO Hilbert space H decomposes (8), and cannot be re-created by so(2,1) from a single state: H consists of two separate complete so(2,1)-orbits.
The Spectrum-Generating Superalgebra
Firstly, note that
which motivates considering, besides the commutator binary operations (5), also the anticommutator relations:
This prompts the definitions
Direct computation then easily completes the algebraic relations:
The operator K 3 generates the so(2) ⊂ so(2,1) maximal compact subalgebra. In a real threedimensional space (v 1 , v 2 , v 3 ) where so(2,1) linear transformations preserve the pseudo-Euclidean quadratic form v 2 1 +v 2 2 −v 2 3 , the operator K 3 generates rotations in the (w 1 , w 2 )-plane. Therefore, the results (13) imply that the pair (Q, Q † ) spans the 2-dimensional spin-
1
At the very least, such an algebraic structure must include the generators
